Journal of the American Water Resources
Association, 37(3): 723-736, 2001.

A Scale-Invariant Gauss-Markov Model for Design Storm Hyetographs
Ke-Sheng Cheng', Irene Hueter’, En-Ching Hsu®, Hui-Chung Y eh®

Abstract. Hyetographs are essential to many hydrological designs. Many studies have shown
that hyetographs are specific to storm types and durations. Recent work presented evidence that
dimensionless hyetographs are scale invariant. We show that the simple scaling property of
rainfall guarantees that the normalized rainfall rates of different storm durations are identically
distributed and propose a nonstationary Gauss-Markov model based on the annual maximum
events that arise from the dominant storm type. We derive the unique estimators for the
parameters of the Gauss-Markov model under two constraints that (a) the typical peak rainfall
rate is preserved, and (b) the most likely hyetograph is obtained. One attractive feature of this
model isthat it allows trandating hyetographs between storms of different durations. Two
examplesillustrate our model.
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1. Introduction

Design storms are routinely used for designing stormwater management facilities and
delineating floodplains. A design storm is a hypothetical storm with specific duration D and
recurrenceinterval T. Theinformation of design stormsis conveniently presented in the form
of depth- duration- frequency (DDF) curves or intensity- duration- frequency (IDF) curves. In
addition, many engineering designs aso rely on the hyetographs, i.e. the time distribution of
design storm point rainfall, for runoff calculation. Because researchers over 30 years ago
noticed that the time distribution of rainfall within a storm event has a significant effect on the
peak runoff, the study of design storm hyetographs has along tradition.  Although the shapes

of storm hyetographs vary significantly, many studies have shown that dimensionless
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hyetographs are storm-type specific (Huff, 1967; Eagleson, 1970). In contrast to earlier
hyetograph models that are duration-specific (Keifer and Chu, 1957; Pilgrim and Cordery, 1975;
Y en and Chow, 1980; SCS, 1986), Koutsoyiannis and Foufoula-Georgiou (1993) presented
evidence that dimensionless hyetographs are scale invariant. The goal of this study isto

propose a hyetograph modeling approach that is based on the dominant storm type and also
allows trandating the dimensionless hyetographs between storms of different durations.

We propose a nonstationary Gauss-Markov model for normalized rainfalls from severe
storms of different durations. A key ingredient to our analysisisasimple scaling relation
between instantaneous rainfall intensities from storms of different durations. Several other
scaling relations are derived that hold for nonstationary processes. We restrict ourselves to the
annual maximum events that are responsible for the annual maximum rainfalls to capture the
essence of the dominant storm type for the model. Two important features are imposed on the
Gauss-Markov model: (1) it represents the characteristics of the peak rainfall rate; and (2) it
yields the hyetograph that is most likely to occur. We derive the estimators for the parameters

of the Gauss-Markov model and illustrate the model with two examples.

2. Hyetogr aphs from Different Storm Types

Huff (1967) studied rainfall data of many storm eventsin Illinois and normalized the
incremental rainfall rates with respect to event-total-depths and storm durations. He classified
the stormsinto four groups, depending on whether the heaviest rainfall occurred in the first,
second, third, or the fourth quarter of the storm duration. We shall refer to hyetographs that
are based on normalized rainfall rates as dimensionless hyetographs.  Huff found that thereis
atrend for longer, heavier storms to dominate the fourth-quartile group whereas short-duration
storms account for amajor portion of the first and second quartile groups. Eagleson (1970)
pointed out that for given climatic conditions, storm events of a given scale (microscale,
mesoscale, or synoptic scale) exhibit similar time distributions when normalized with respect
to total rainfall depths and storm durations.  Convective cells and thunderstorms are dominant
types of storms at the microscale and the mesoscale, respectively. Events of synoptic scale
include frontal systems and cyclones that are typicaly several hundred milesin extent and

often have series of mesoscale subsystems. In general, convective and frontal -type storms



tend to have their peak rainfall rates near the beginning of the rainfall processes, while cyclonic
events have the peak rainfall somewhere in the central third of the storm duration.

Pilgrim and Cordery (1975) devel oped a hyetograph model based on the average rainfall
percentages of ranked rainfalls and the average rank of each time interval in astorm. Brasand
Rodriguez-lturbe (1976) and Woolhiser and Osborn (1985) also adopted the concept of
dimensionless hyetograph in temporal rainfall modeling. More recently, Koutsoyiannis and
Foufoula-Georgiou (1993) and Garcia-Guzman and Aranda-Oliver (1993) also devel oped
stochastic models for dimensionless hyetographs.  Koutsoyiannis and Foufoula-Georgiou
proposed a simple scaling model to characterize the time distribution of instantaneous rainfall
intensity and incremental rainfall depth within a storm event.

Prominently, for many hydrologic designs, major concern lies in the dominant storm types
that cause the heaviest precipitation. For example, in Taiwan most severe storms happen in the
period between May and November, during which heavy rainfall amounts are usually caused by
convective storms and tropical cyclones. Typica hyetographs of convective storms and
tropical cyclones are different. Tropical cyclonestend to produce higher rainfall intensities and
larger total rainfall amounts. Thus, rainfall data from tropical cyclones should enter the design
of storm hyetographs. If rainfall data from both storm types were simultaneously utilized in
order to develop design storm hyetographs, it is quite likely that an average hyetograph results
that characterizes the temporal rainfall variation of neither storm type.

In hydrologic design, two parameters of the hyetograph, the peak rainfall rate and the
time-to-peak, i.e. the time between the beginning and the peak of a storm event, are particularly
important for hyetograph modeling. Observed rainfall events have shown that, similar to the
total rainfall depth, the peak rainfall rate and the time-to-peak also exhibit wide variations.
Therefore, stochastic models that consider the temporal variations of storm events as random

processes have become popular in hyetograph modeling.

3. Simple Scaling Model for Storm Events
The past decade has seen an increasing number of applications focusing on scaling
characteristics of geophysical processes. The landform process (Turcotte, 1989), spatial and

temporal rainfall processes (Gupta and Waymire, 1990; Olsson et a., 1993; Burlando and



Rosso, 1996), natural channel network (La Barbera and Rosso, 1989; Veltri, et a., 1996), and
spatio-temporal distribution of earthquakes (Godano, et al., 1999) are just afew examples.
Scaling or scale-invariant models enable us to transform data from one temporal or spatial
model to another one, and thus, help to overcome the difficulty of inadequate data.

A natural process fulfills the simple scaling property if the underlying probability
distribution of some physical measurements at one scaleisidentical to the distribution at
another scale, multiplied by afactor that is a power function of the ratio of the two scales
(Guptaand Waymire, 1991). Let X(t) and X(At) denote measurements at two distinct time or
gpatial scalest and At, respectively. We say that the process { X(t), t>0} has the simple scaling

property if thereis some real number H such that

[X (O} ~{A " X (200} (1)

foreveryreal 1>0. The i denotes equality in distribution, and H is called the scaling
exponent.

Quite often storm events have different durations, which may range from afew hoursto
several days. Traditionaly, design storm hyetographs of various storm durations have been
developed. For example, the 6-hr and 24-hr hyetographs of the Soil Conservation Service
(SCYS) both are commonly used in the practical engineering design (SCS, 1986). However, if
the rainfall process exhibits the ssmple scaling property, then a scale-invariant hyetograph is
desirable. Since the parameter of storm duration does not appear in the ssmple scaling
relation of Eq. (1), it isobvious that translating data between storms of different durationsis
not feasible.

Koutsoyiannis and Foufoula-Georgiou (1993) introduced a simple scaling relation that
includes the parameter of storm duration in the scaling relation. Let &£(t, D) represent the
instantaneous rainfall intensity at time t of a storm with duration D.  Since this random
variable depends on the time t and the storm duration D; and thus, it shall be indexed by t and
D. Theproposed smple scaling relation for {&(t,D),t >0,D > 0} is



{£(t,D)} 2 {A7"E(At,AD)} ®)

foreveryA > 0. Inpractice, cumulativerainfal depths over afixed timeinterval A , for
example one hour, are recorded and we shall refer to them as the incremental rainfall depths.

Thei-th incremental rainfall depth X, (i, D) can be expressed by
. iA
X,(,D) =]  &(tD)d ©)

Similarly, the cumulative rainfall depth at timet, i.e.h(t, D), and the tota rainfall depth of
thestormeventh(D, D) are respectively expressed by

h(t,D) = J'Oté(s,D)ds 4)
h(D,D) = [&(t,D)at (5)

Koutsoyiannis and Foufoula-Georgiou (1993) proved that X, (i, D), h(t,D), and h(D,D) all

have the simple scaling property with scaling exponent H+1, i.e.,

(X, (i, D)} {4 X, (i, D)} 6)
{h(t,D)} i{l_(H“)h(M,AD)} ()
{h(D, D)} ={ 4 "*Yh(AD, AD)} ®

Observe that Egs. (6), (7), and (8) are valid even for nonstationary random processes.

4. Selecting Storm Eventsfor Design Hyetogr aph Development

Previous work on the time distribution of rainfall data drawn from: (a) only certain months
or asingle season (for example, Koutsoyiannis and Foufoul a-Georgiou (1993)); or (b) the
entire year (for example, Huff (1967) and Garcia-Guzman and Aranda-Oliver (1993)).
Restricting attention to rainfall datain certain seasons alows one to focus on specific storm
types and gain better understanding of the dominant and generic storms, as opposed to relying

on a hyetograph created by merging rainfall from all stormswithin ayear.



Because the design storm hyetograph represents the time distribution of the total storm
depth determined by annual maximum rainfall data, the design storm hyetograph is optimally
modeled when based on observed storm events that actually produced the annual maximum
rainfall. Therefore, our strategy is to select the observed stormsthat give rise to the annual
maximum rainfall, the so-called annual maximum events, to accurately develop design
hyetographs. We shall refer to the event duration to represent the duration of an observed
storm event and to the design duration to represent the designated time interval for adesign
storm. We emphasize that; in general, the design durations do not coincide with the actual
durations of historic storm events (referred to as the event durations). The design durations are
artificially designated durations used to determine the corresponding annual maximum depths;
whereas event durations are actual raining periods of historic storm events. Figure 1 illustrates
difference between the design duration and event duration of an annual maximum event.

Annua maximum events tend to occur in certain periods of the year (such as afew months
or aseason) and tend to emerge from the same storm type. Moreover, annual maximum
rainfall datain Taiwan strongly indicate that a single annual maximum event oftenis
responsible for the annual maximum rainfall depths of different design durations. In some
situations, single annual maximum event even produced annual maximum rainfalls for many
nearby raingauge stations. For example, Table 1 shows that a single storm event on October
22, 1987 was responsible for the annual maximum rainfall depths of amost all design
durations for the two raingauge stations. All storms listed in Table 1 were mgjor events. This
observation emphasi zes the importance of using only annual maximum events for design
hyetograph development.  Such a consideration enables us not only to focus on events of the
same dominant storm type, but it also has the advantage of relying on almost the same annual

maximum events that are employed to construct IDF curves.

5. Gauss-Markov Model of Dimensionless Hyetographs

Dimensionless hyetographs are popular models to represent the time distribution of rainfall
intensities for storms of al durations in acommon scale. In fact, storm durations of annual
maximum events may range from afew hoursto severa days. Our key observation hereis

that, in view of simple scaling characteristics, the normalized rainfall rates of storms of



different event durations are identically distributed. Because the annual maximum events are
independent, we combine them into arandom sample drawn from a nonstationary
Gauss-Markov process at afixed time. Subsequently, we estimate the mean, variance and seria
correlation from the random samples.

Dimensionless hyetographs represent the temporal variation of storm events and can be
expressed as the time distribution of either the cumulative or the incremental percentages of the
total rainfal depths. We refer to the former as the cumulative dimensionless hyetograph, and
to the latter as the incremental dimensionless hyetograph. For convenience of exposition, our
derivations are based on the incremental dimensionless hyetograph.

In view of the simple scaling assumption, the incremental rainfall depth X, (i, D) and the
total rainfall depth h(D,D) have same simple scaling exponent H+1 (Egs. (6) and (8)).
Therefore,

XA(i,D)}j XM(i,lD)} 9)
h(D,D) | | h(AD,AD)

X, (i, D)
h(D, D)

Let Y, (i,D) =

denote thei-th incremental rainfall percentage, i.e. the normalized

rainfall rate, of a storm with duration D and incremental timeinterval A . Then Eq.(9) can be

expressed as follows

Y, (i,D)=Y, (i,AD) (10)

foral A>0andi=1,2,...,[D/A] whichindicatesthat thei-th incremental rainfall
percentages of storms of durations D and AD are identically distributed if the timeintervals
areA and AA, respectively.  Since the annual maximum events are independent, the identical
distribution property alows us to combinethei-th (i=1, 2, ... ,[D/A]=[AD/AA]) incremental
rainfall percentages of any storm durations to form arandom sample, and the parameters (e.g.

mean and variance) of the underlying distribution can be easily estimated.



Because the pesk rainfall depth is akey element of hydrologic design, an ideal hyetograph
should not only describe the random nature of the rainfall process but also the extreme
characteristics of the peak rainfall. Therefore, our objectiveisto find the incrementa
dimensionless hyetograph that not only represents the peak rainfall characteristics but also has
the maximum likelihood of occurrence.  Our approach to achieve this objective includes two
steps: (1) determine the peak rainfall rate of the dimensionless hyetograph and its time of
occurrence, and (2) find the most likely realization of the normalized rainfall process with the
given peak characteristics.

Let n =[D/A] be the number of incremental rainfall intervalsin ahyetograph. Assume
that the random process{ Y(i), i =1, 2, ..., n} isanonstationary Gauss-Markov process.
Supposethat N realizations{y(i,j):i=1,2,...,n;j=1,2, ..., N} of therandom process Y are
avallable. Note that we have dropped A and D fromY (i) sinceY, (i,D) andY,,(i,AD) are

identically distributed.
Furthermore, lety (j) andt (), respectively, denote the peak rainfall rate y and the

time-to-pesk t, of thej-th realization. Then the pesk rainfall ratey” and the time-to-peak t” of
the dimensionless hyetograph are estimated as the average values of y (j) andt (),
respectively; that is,

. NG 11
y =%Zyp(1) .

and

o1E (12)
t' = Nétp(n

Thevalueof t islikely to be non-integer and should be rounded to the nearest integer.

Assume that the process{Y(i): i =1, 2, ..., n} isanonstationary Gauss-Markov process
with meansy; , varianceso, ? and lag-1 correlations p,(i), that is, the conditional distribution

of Y(i) given Y(i-1) = y;.1 is the conditional normal distribution given y;.; with parameters



w0, and py(i):
Y(@) ~N(y, 1Gi2) (13)
p,(i) =autocorre ( Y(i), Y(i-1)) (14)

fori=1,2,...,n. Assumethat y,=pu,=0and p,(1)=0.If
fCYi 1Yia) = fawan (Vi Y1) denotesthe probability density function of Y(i) given Y(i-1)

= Vi1, then

(=) =2 7 (= 1),
S| 17} a9

oiy1-pi (i)

(3, 1Y) = [2ro 2= p2)] 2 -exp{ -2

By the Markov property, thejoint density f(y,, Y,,...,Y,) of Y(2), Y(2)...., Y(n) factorizes
FCY0 Yoree o ¥a) = oy (V1) Ty (V2 I YD) Fvmviny (Yo | Vo) (16)

If wewrite L :l_n[ f(y, |y,_) forthejoint density of Y(1), Y(2), ..., Y(n), then we obtain
i=1

InL = Z Inf(y 1)

=—%In(2n)—i Inc. —% Z In[1- p2(i)]
o G =) T )

1 o
_= i-1 ] (17)
22 | o\1- (i) ]




Our objectiveisto find the hyetograph {y;, i = 1,2,..., n} that maximizesthe
log-likelihood (InL) and also satisfies the two constraints:

; 18-
Sy -1 (18-3)
i=1

and
Yo=Y . (18-h)

This can be achieved by introducing the two Lagrange multipliers ¢ and m, and by minimizing

the expression:
o )0 T V)
M= [ Tia_ =200y, -1) - 2m(y. ~y) (19)
i-1 lof \/1— pi(i) i-1

withrespecttoy; (i=1,2,...,n), /,andm. If wewrite C = pl(i)i and D; =

i-1

o’[1- p?(i)] >0, it follows that

n —u)Y=C(V .—u ) n . 20
M ZZ[(M :u|) C[|)(y|1 :ul—l)] _%(Zyl _1) —Zm( yl‘_y) ( )
oM — 2[(yi - ,Ui) -G (yi—l - :ui—l)] _ 2[(yi+1 - :ui+1) - Ci+1(yi — H, )]Ci+l _2/=0
Gyi Di Di+1
(i=12,...,mizt) (21-a)

M _ 20, ~ 1) ~Cp (Y, — 1.,
dy, D,
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_ 2[(yt‘+1 B 'ut’+1) — Ct’+1(yt‘ —He )]Ct‘+1

-2/-2m=0
Dt*+l
Equivaently,
C 1 C.21 C. C 1 C? C
_'___+L_+L_+€:_'___+Ll_+#_
Di yl71 (D| Di+1)yI Di+1 yHl Di Hia (DI Di+1)luI Di+1 Hin
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D, tt D, D, ! D, tel D, t-1 D, D, t D,
oM

W:_Z(Zyi -)=0 <« Zyi =1
i-1 i-1

aM * *
- Y my)=0 = Y=y
m

Equations (22), (23) and (24) may be expressed in matrix form:
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Observe that
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2 _2 26
al\£|:2(|3i+%)>0 (26)

i i+1

The dimensionless hyetograph {y;, i = 1,2,..., n} isdetermined by solving Eq. (25). Note that
the constraint of Eq. (18-b) ensures peak rainfall characteristics of the annual maximum events
will be preserved in the dimensionless hyetograph. If we do not impose the constraint on peak
rainfall characteristics, then the above matrix equation is modified accordingly, and the

hyetograph that is most likely to occur is nothing el se than the mean hyetograph, i.e.,

Vi=w  i=1,2,..,n 27)

The parameters u, are estimated by means of the available reaizations {y(i,j), i = 1,2,..., n; ]

=1,2,...,N},i.e,
A N 28
ui=i2y(i,j) i=12,..n (28)

N <

6. Model Application
We illustrate the scale-invariant Gauss-Markov model by applying it to develop design
storm hyetographs for two raingauge stations Hosoliau and Wutuh, located in Northern

Taiwan.

6.1. Annual maximum events

Annual maximum events that produced annual maximum rainfall depths of 6, 12, 18, 24,
48, and 72-hour design durations were collected. These events were identified using the
minimum inter-event-time of 3 hours. Table 2 lists the numbers of selected annual maximum
events and their range of event durations. The selected events include the annual maximum
eventsshown in Table 1. All events occurred in the period between June and October and

were classified as tropical depressions, tropical storms, or cyclones.  All event durations were
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first divided into twenty-four equal periodsiA (i=1,2,...,24, D = event duration, A=D/24).
Rainfalls of each annual maximum event were normalized, with respect to the total rainfall
depth and event duration. For events of durations not exactly equal to 24 hours, we first
interpolated the normalized cumulative rainfalls at the re-scaled time instances iA, and then
calculated the normalized incremental rainfalls {Y(i),i =1,2,...,24} asthe difference of two
successive normalized cumulative rainfalls.  Table 3 presents the sample means, standard
deviations, and lag-1 correlation coefficients for Y(i). The means of Y(i) range from less than
2% to higher than 6% for both Hosoliau and Wutuh, indicating nonstationarity for the

dimensionless hyetographs.

6.2. Normality check for normalized rainfalls

The Gauss-Markov model of dimensionless hyetographs considers the normalized rainfalls
{Y(), i=1,2,..., n} asamultivariate normal distribution. The Kolmogorov-Smirnov test was
used to check the normality of Y(i)’s. The results of the Kolmogorov-Smirnov test indicate that
at o = 0.05 significance level, the null hypothesis was not rejected for most of Y(i)’s (Table 4).
The few rejected normalized rainfalls occur in the beginning or near the end of an event, and
have lessrainfall rates.

The lag-k correlation coefficients p, (i) =autocorrel (Y(i), Y(i-k)) of the normalized rainfalls

were estimated by using the following equation:

> Ly, ()~ MLy, (i — k) - m_,]
r (i) = 2 29

N k=1,2,...,n-1, i=k+1, k+2,...,n.
\/Z[y;(i)—mlzz[yja —k)-m, I’

where my is the sample mean of thei-th normalized rainfall Y(i) and N represents the total

number of annual maximum events.  Figure 2 showsr, (i) andr, (i) of the normalized rainfalls
for Hosoliau and Wutuh. The average values of r,(i) for Hosoliau and Wutuh are 0.57 and
0.58, respectively. Averagevaluesof r,(i) are0.25and 0.26, respectively. If p, (i) =0,

then

14



| N=-2 (30
t=r.() 1-12()
=1 (1)
has a t-distribution with (N-2) degree of freedom. At significance level a, the null hypothesis

Hy:p(i)=0isrgectedif [tpt, ., ,. AsillustratedinFigure2, at a=0.025 the null
hypothesis for lag-1 correlation coefficientH,, : p,(i) = Owas rejected in most cases except for
p,(9) of the Wutuh Station.  Null hypothesis for lag-2 correlation coefficientH, : p, (i) =0

was mostly not rejected. The results of the normality check and test of significance

for p,(i) and p, (i) evidently justify our Gauss-Markov assumption for modeling the

dimensionless hyetographs.

6.3. Tranglating hyetographs between storms of different durations

The dimensionless hyetographs of Hosoliau and Wutuh established by solving Eqg. (25) are
shownin Figure3. Hyetographs of the two stations are similar since they are located within
20 km of each other, and in the same watershed. With the constraint on peak rainfall
characteristics (Eq. (18-b)), the peak rainfall rates are 15.3% and 16.2% for Hosoliau and
Wutuh, respectively. Without the peak rainfall constraint, the peak rainfall rates are much
lower, approximately 6%, thus greatly underestimated.

Equation (10) indicates that the random process of normalized rainfalls, { Y(i), i=1,
2 ,...,n}, isindependent of the storm duration and total rainfall depth. Some hyetograph
models in the literature are duration-specific (for example, the SCS 6-hr and 24-hr duration
hyetographs, (SCS, 1986)) and recurrence-interval-specific (for example, the alternating
block method (Chow, et d., 1988)). The simple scaling property enables us to translate the
dimensionless hyetographs between design storms of different durations. Trandlating the
dimensi onless hyetographs between design storms of durations D and AD is accomplished by
changing the incremental time intervals by the duration ratio. Values of the normalized rainfalls
Y(i) (i=1,2,...,n) remain unchanged. For example, the incremental time intervals (A) of the
design storms of 2-hr and 24-hr durations are five (120/24) and sixty (1440/24) minutes,
respectively. The changesin the incremental time intervals are important since they require

the subsequent rainfal-runoff modeling to be performed based on the “designated” incremental
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timeintervals. A significant advantage of the simple scaling modéd is that developing two
separate dimensionless hyetographs for design storms of 2-hr and 24-hr durations can be
avoided. Theincremental rainfall depths of a design storm are calculated by multiplying the
y-coordinates of the dimensionless hyetograph by the total depth from IDF or DDF curves.
Parameters of the IDF curves of Hosoliau and Wutuh are shown in Table 5. Table 6 presents
a comparison of the peak rainfall depths determined by the design storm hyetographs and the
corresponding rainfall depths from the IDF curves for the design storm events of a 100-yr
recurrence interval. Entriesin Table 6 are obtained as follows.

For Wutuh station, the total rainfall depth of 100-yr return period, 24-hr design duration is
calculated by

330.36 x100%%*
(24 % 60) 0.4380

i1 _100yrs (D = 24hrs) = = 31.64(mm/ hr)

Tota depth = 31.64 (mnvhr) x 24 (hrs) = 759.34 mm
Peak rainfall rate of the dimensionless hyetograph is 16.21 %, and peak rainfall depth from the
design storm hyetograph is 759.34 x 16.21% = 123 mm (in 1-hr interval). Since the 123 mm
rainfall depth is the peak rainfall in one-hour interval, therefore we compare it with rainfall
depth of one-hour duration from the IDF curves.

Cdculation of the 100-yr, 1-hr storm depth from IDF curvesyields

330.36x100%%%%

rT:lOOWS (D = ]hl’) = (1>< 60) 0.4380

=127.28(mm/ hr)

Thetwo rainfall depths, 123 mm and 127 mm, are close. Other entries are obtained in asimilar
way.

It isevident that, by imposing the constraint on the peak rainfall characteristics, the design
storm hyetographs yield peak rainfall depths that are close to the corresponding rainfall depths
given by the IDF curves. Thisis an important feature since it demonstrates that our hyetograph

model preserves the maximum rainfall depths of different design durations.
6.4. Benefits of the simple scaling Gauss-Mar kov hyetograph model
We summarize the benefits of the proposed model as follows:

(1) The model uses annual maximum events that are mostly the same data as used for

16



developing the IDF curves, thus, it ismost likely to represent the temporal variation of
rainfall events that are responsible for annual maximum rainfalls.

(2) Restricting ourselves to only the annual maximum events reduces the number of events
being analyzed and enables us to focus model development on the dominant storm type. In
this study the dimensionless hyetographs of tropical storms were developed. However, it
may still be necessary to devel op the dimensionless hyetographs for convective storms by
using short-duration annual maximum events.

(3) The proposed model yields hyetographs that not only have peak rainfall depths consistent
with the corresponding rainfall depths from IDF curves; it is also the single realization that,
under the constraint of peak rainfall characteristics, is most likely to occur. Furthermore,
the hyetograph model aso preserves the Markov property of the rainfall process.

(4) The scaling property of the rainfall process has two significant features. First, it shows that
normalized rainfallsY, (i,D)andY,, (i, AD) areidentically distributed, and thus, provides

the theoretical basis for estimating parameters of the underlying Gauss-Markov model by
means of the normalized rainfalls from storm events of different durations. Secondly, it
provides an easy way to trandlate dimensionless hyetographs between design storms of
different durations.

(5) In contrast to other hyetograph models that have regular shapes (for examples, the
triangular hyetographs (Y en and Chow, 1980) and the regular curved hyetographs (Keifer
and Chu, 1957), design hyetographs from the proposed model have irregular shapes that
resemble those of real rainfall hyetographs.

7. Conclusions

We have shown that, due to a simple scaling property, dimensionless hyetographs can be
represented by a nonstationary Gauss-Markov model. The Kolmogorov-Smirnov test and t-test
indicated that the assumptions of normality and the Markov property were fulfilled for the
normalized rainfall rates of the two analyzed data sets. We restricted our attention to annual
maximum events, and demonstrated that this approach focuses on the dominant storm type,
which in our paper isthe tropical storm. The proposed model yields a design storm hyetograph
that is readily translated between different storm durations. Peak rainfall depths from our model

17



are consistent with corresponding rainfall depths from the IDF curves. In addition, given the
constraint on peak rainfall characteristics, the design hyetograph devel oped from the proposed
model is most likely to occur. Further studies on the hyetographs of short-duration convective

storms and extratropical cyclones are needed.
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Table 1. Beginning dates of some annual maximum rainfall eventsin Taiwan.

1965-year
Duration(hrs)* 1 2 3 4 6 12 18 24 48 72
Hosoliau 9/5 8/18 §8/18 8/18 8/18 §8/18 8/18 8/18 8/18 8/18
Wutuh 6/11 821 9/6 96 96 96 8/18 8/18 8/18 8/18
1969-year
Duration(hrs)* 1 2 3 4 6 12 18 24 48 72
Hosoliau  5/14 5/14 5/14 5/14 9/26 9/26 9/9 9/9 9/9 9/9
Wutuh 921 9/8 9/8 98 98 98 98 98 98 98
1974-year
Duration(hrs)* 1 2 3 4 6 12 18 24 48 72
Hosoliau 9/27 9/27 10/11 10/11 10/11 10/11 10/11 10/11 10/11 10/11
Wutuh 9/15 9/15 10/11 10/11 9/15 10/11 10/11 10/11 10/11 10/11
1983-year
Durationthrs)* 1 2 3 4 6 12 18 24 48 72
Hosoliau  5/23 5/23 523 5/23 5/23 10/10 10/10 10/10 10/10 10/10
Wutuh 10/2 10/1 6/3 6/3 6/3 101 10/1 10/1 101 101
1987-year
Duration(hrs)* 1 2 3 4 6 12 18 24 48 72

Hosoliau

7/26 10/22 10/22 10/22 10/22 10/22 10/22 10/22 10/22 10/22

Wutuh

10/22 7/26 10/22 10/22 10/22 10/22 10/22 10/22 10/22 10/22

1994-year

Duration(hrs)*

1

2

3 4 6 12 18 24 48 72

Hosoliau

6/18 6/18 6/18 6/18 6/18 10/9 10/9 10/9 10/9 10/9

Wutuh

6/18 6/18 6/18 9/12 9/12 9/12 9/12 9/12 9/12 9/12

1. Hosoliau locates approximately 20 km southeast of Wutuh.

2. Entriesin the table represent month/day of arainfall event.

*Design duration.
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Table 2. Statistics for selected annual maximum events at two raingaugesin Taiwan.

Number of Event duration (hrs)
Station events minimum  maximum  average standard
deviation
Hosoliau 65 12 144 55 32.5
Wutuh 49 12 144 37.8 26.6
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Table 3. Parameters for the distributions of normalized rainfalls for two raingauges in Taiwan.

Station Hosoliau Wutuh
i i o, o) ow o, (i)
1 2.02 2.74 0.00 2.90 4.15 0.00
2 2.87 4.34 0.26 3.52 4.01 0.65
3 404 453 062 348 386  0.67
4 379 404 074 303 359 0.78
5 2.98 291 0.38 280 356 049
6 338 322 057 321 3.02 040
7 3.68 3.81 0.57 3.43 3.16 0.72
8 417 3.76 0.56 4.67 5.06 0.67
9 3.97 3.42 0.76 4.40 3.63 0.26
10 4.67 4.48 0.62 521 481 0.71
11 5.30 4.39 0.61 4.47 3.95 0.79
12 4.68 3.07 0.31 5.05 493 0.49
13 5.09 442 0.67 5.99 5.36 0.57
14 5.52 4.28 0.53 5.19 4.58 0.65
15 6.01 4.87 0.68 6.20 4.72 0.67
16 6.54 451 0.68 620 390 052
17 5.79 4.28 0.54 5.65 491 0.63
18 6.29 5.02 0.57 4.52 4.29 0.39
19 5.27 4.70 0.62 5.00 4.86 0.46
20 3.86 4.06 0.72 4.55 4.79 0.45
21 3.38 3.45 0.48 3.78 3.76 0.71
22 2.87 3.71 0.38 2.90 2.90 0.51
23 245 3.26 0.72 2.37 3.33 0.77

N
N

1.36 1.55 0.45 151 2.22 0.48
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Table 4. Results of the normality check for normalized rainfalls at two raingauges in Taiwan.

Timei Hosoliau Wutuh | Timei Hosoliau Wutuh
1 X X 13 O o)
2 O X 14 @) [®)
3 o o 15 ¢} ¢}
4 O O 16 o) o)
5 O O 17 ¢} ¢}
6 O O 18 o) o)
7 @) @) 19 @) @)
8 O O 20 o) o)
9 O @) 21 @) @)

10 O O 22 O X
11 @) @) 23 O O
12 O O 24 X X

O: Hypothesis not rejected at o = 0.05.
X: Hypothesisrejected at oo = 0.05.

Table 5. Parameters of the IDF curves.

Station a m c R
Hosoliau 375.49 0.1635 0.4513 0.9928
Wutuh 330.36 0.1823 0.4380 0.9883
ar "™

i, (D)= F,where i; (D) : rainfall intensity in mmv/hr,

D: duration in minutes, and T: recurrence interval in years.
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Table 6. Comparison of the peak rainfall depths (mm) from design storm hyetographs and the

corresponding rainfall depths from IDF curves (recurrence interval = 100 yr).

Design Storm Design Storm IDF Curves
Hyetograph® Hyetograph?
Stations D=2hrs D=24hrs D=2hrs D=24hrs D=5min D=1 hr

A=5min A=1hr A=5min A=1hr

Hosoliau 28 110 12 47 32 126

Wutuh 30 123 12 47 32 127

!Design storm hyetograph with the constraint on peak rainfall characteristics.
Design storm hyetograph without the constraint on peak rainfall characteristics.
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Figure 1. Design duration and event duration of an annual maximum event.
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Figure 2. Lag-1 and lag-2 correlation coefficients of normalized rainfalls for two stations
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Figure 3. Dimensionless hyetographs for two raingauges in Taiwan.
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