Chapter 6 — Renewal Processes

1 Definition of a Renewal Process

We have shown that the interarrival times for the Poisson process are independent
and identically distributed exponential random variables. A natural generalization
isto consider a counting process for which the interarrival times are independent

and identically distributed with an arbitrary distribution. Such a counting process
is caled a Renewal Process.

Let {X,,n=12,--} beasequence of positive independent random variables with

acommon cumulative distribution F, (). Let W, =>"X;, N=1 and define
i=1

N(t) = sup{n:W, <t}. The process {N(t),t >0} isarenewal process. We say that
arenewal processoccursat tif W, =t for some N21, Sincetheinterarrival

times are independent and identically distributed, it follows that after each renewal
the process starts over again.

The principal objective of renewal theory isto derive properties of certain random
variables associated with {N(t)} and {W,} from knowledge of the inter-
occurrence distribution F, (-).

Renewal function
An important relationship for the renewal processis
N(t)>n if andonly if W, <t (6-1)

From (6-1), we obtain

P[N(t) = n]= P[N(t) < n]- P[N(t) < n—1]
= Fyp(n) = Fyey(-1

={1-P[N(t) > n} —{1- P[N(t) > n—1}
= P[N(t) > n—1]- P[N(t) > n]

= P[N(t) > n]- P[N(t) > n+1]

= PW, <t]-PW,, <t]

=Ry, (- Fy,,(©)

Let the expected number of arrivals for the time duration (0, t], also called the
renewal function, be

E[N(t)]=m(t). (6-2)



m(t) =3 F, (1 (6-3)

[Proof]
ND = A
where
_ |1 if thentharrival occursin[0,t]
o otherwise
Hence,
EIN®)] - E{ia} - Y E[A]= Y PIA -1
=3 W, <]
= i I:wn (t).
[Theorem]
E[VVN (t)+1] = E[ Xl] E[N(t) +1] (6-4)

E[VVN(t)+1] = E[Xl Tt XN(t)+1]
= E[X,]+ E[N%ﬂxj] = u+ E{inI{N(tle j}}

j=2 j=2

N(t)> j-1 ifandonlyif X, +---+ X, <t,

HN() 2 j -2 = 1{X, +-+ X, <t
E[X X, 4+ X,y Stf|= E[X JE[HX, ++-+ X, <t
— E[X, JP{X, +-+ X, <t
= iRy () (EIX;]=p)

Therefore,



0

EMN(t)+1]:ﬂ+ZE[XjI {X1+"'+ Xia St}]

j=2

= u+py F o)
=2

= ulLl+M (1))
EhNN (t)+1J = /1[1"‘ m(t)] (6-5)

The Poisson process viewed as a renewal process
The Poisson process with parameter « isarenewal process whose interarrival
times have the exponential distribution F, (x)=1-e*, x>0,
® Therenewal function
m(t) = E[N({t)]=at .

There are some random variables that are of interest in renewal theory. Three of
these are the excess life, the current life and the total life, defined, respectively, by

Ve =Wy —t (excess or residud lifetime)
O =t-Wy (current life or age random variable)
B.=7.+9, (total life)
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® Excesslife
The excesslifetime at timet exceeds x if and only if there are no renewalsin
theinterval (t,t+ X] . Thisevent has the same probability as that of no
renewalsin theinterval (0,Xx], since aPoisson process has stationary
independent increment, i.e.,
Ply, > X] = PIN(t + x) — N(t) = 0]
=P[N(X)=0]=e*



Thus, in a Poisson process, the excess life possesses the same exponential
distribution

Ply, <x]=1-e*, x>0.

asevery life.

Current life
Thecurrent life 6, cannot exceedt, whilefor x <t the current life exceeds

xif and only if there are no renewalsin (t — x,t], which again has probability
e “. Thus, the current life follows the truncated exponential distribution

l-e” 0< t
P[5t£x]={ e 0<x<

1 t<x

Mean total life

E[ﬂt] = E[7t] + E[5t]

1. jt P[5, > x]dx
a 0

= % + j; e “dx

1 1,
:;+E(1—e t)

The mean tota lifeis significantly larger than the mean life E[Xk]:l of
(04

any particular renewal interval. When t islarge, the mean total life E[S,] is
approximately twice the mean life.



