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STATISTICS
Homework 5
1. Random variables [image: image2.png]


have a common density [image: image4.png]fx



(．) with variance (2. Let [image: image6.png](Xy+ X, + -+ X )/n



. Prove that
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2. Let Xi denote the number of meteors that collide with a test satellite during the ith orbit. Let
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; that is, Sn is the total number of meteors that collide with the satellite during n orbits. Assume that the Xi’s are independent and identically distributed Poisson random variables having mean (.
(1) Find E[Sn] and Var[Sn].
(2) If n =100 and ( = 4, find approximately P[S100 > 400].
3. Let
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denote a random sample of size n from a cumulative distribution function
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be its corresponding order statistics. Prove that the cumulative distribution function of 
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 is given by 
[image: image14.wmf]j

n

j

n

j

Y

y

F

y

F

j

n

y

F

-

=

-

÷

÷

ø

ö

ç

ç

è

æ

=

å

)]

(

1

[

)]

(

[

)

(

a

a

.
4. A gambling machine has the following winning probabilities in each play round. Each game play consists of 3 play rounds and a player needs to pay 120 TWD in advance for each game play. At the end of each game play, the banker pays the minimum winning amount of the 3 play rounds to the player.
	Amount of winning (TWD)
	100
	150
	200
	300
	500

	probability
	0.55
	0.35
	0.05
	0.03
	0.02


(1) What is the expected winning amount for a play round?

(2) What is the probability that the player will be paid more than 120 TWD at the end of a game play?
(3) An addicted player plays one game play everyday. What is the expected amount of money he will win (or lose) in a week?

5. The Weak Law of Large Numbers is described as follows.
Let
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be a density with mean ( and variance ( 2, and let 
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 be the sample mean of a random sample of size n from
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. Let ( and ( be any two specified numbers satisfying ( > 0 and 0 < ( < 1. Then,
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 for any integer n satisfying 
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A researcher wishes to estimate the mean ( of a population using a random sample large enough such that the probability for the sample mean to fall within the range of ((0.25( (( = standard deviation of the population) will be no less than 0.95.
(1) Based on the weak law of large numbers, what is the least sample size the researcher should take to achieve his goal?
(2) Based on the central limit theorem, what is the least sample size the researcher should take to achieve his goal?
(3) Which of the above answers seems more reasonable to you? Explain the rationale of your reasoning.

6. Suppose that tag numbers (such as TP-000266, TP-018302, TP-010135, TP-020362, …) of cars registered in a city are issued in series (starting from, for example, TP-000001). A market investigator was asked to estimate the total number of cars registered in the city. The investigator is a person with good knowledge of statistics. He went to the parking lot of a popular shopping mall and recorded tag numbers of cars (see the file HW5DATA.txt for tag numbers). He decided to estimate the total number of cars registered in the city using the method of moments and the method of maximum likelihood. If you were the market investigator, what would be your estimate?
7. The radius (r) of a circle is measured with an error of measurement which is normally distributed with zero mean and unknown variance (2. Given the following independent measurements of the radius:

	21.57
	15.53
	19.08
	20.29
	13.67

	9.62
	21.94
	17.37
	15.77
	12.26

	15.25
	10.76
	8.68
	10.38
	20.15

	10.76
	11.96
	6.51
	16.00
	7.65


Find an unbiased estimator of the area of the circle and use the above data to calculate an unbiased estimate of the circle area.
8. Let 
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be a random sample from the density function 
[image: image21.wmf])

(

1

)

;

(

]

,

0

[

x

I

x

f

q

q

q

=

, where 
[image: image22.wmf].

0

>

q

 Define 
[image: image23.wmf]]

,

,

max[

1

n

n

X

X

Y

L

=

 and 
[image: image24.wmf]]

,

,

min[

1

1

n

X

X

Y

L

=

. 

(1) Find a method of moments estimator of (, and then find the mean and mean-squared error of your estimator.
(2) Find a maximum-likelihood estimator of (, and then find the mean and mean-squared error of your estimator.
9. A random variable X is distributed with the following gamma density with parameter 
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A random sample of size 10 resulted in a sample mean of 75.3. Calculate the maximum likelihood estimator of ( based on these observed data.
10. Let 
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be a random sample from the density function 
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 Calculate the maximum likelihood estimate of 
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